Abstract. We consider the dynamical system (A, T f ), where A is a class of differential real functions defined on some interval and T f : A → A is an operator T f φ := f •φ, where f is a differentiable m-modal map. If we consider functions in A whose critical values are periodic points for f then, we show how to define and characterize a substitution system associated with (A, T f ). For these substitution systems, we compute the growth rate of the new critical points, and observe that this growth is independent of the initial conditions.
Introduction
In this paper, we pursue the study of the properties of certain infinite dynamical systems. Considering infinite dimensional systems, important progresses were obtained in the study of boundary value problems for partial differential equations reducible to difference equations, as those studied in [7] , [11] and [12] . An approach, in that context, using symbolic dynamics was made in [9, 10] and [13] .
We deal with a certain type of infinite dimensional dynamical systems which arises from iterated diffenciable interval maps. We consider the symbolic dynamics of the functions in A (defined bellow) under iteration of a m-modal map developed in our previous work [3] , as a consequence of the results obtained in [1, 2] , where we analysed a combinatorial description for the periodic orbits of (A, T f ). The pair (A, T f ) is the dynamical system we consider, where A is a class of differential real functions defined on some interval and T f : A → A is an
Symbolic dynamics for m-modal maps
Let I ⊂ R be an interval. A map f : I → I is called m-modal map if is in C 1 (I) and has m critical points. Let c i , with i = 1, 2, . . . , m, be the m critical points of the m-modal map f such that c 0 < c 1 < · · · < c m+1 , where c 0 and c m+1 represent the boundary points of the interval I. In these conditions, consider the partition of the interval I into disjoint subsets
where I Ci is the set {c i } , i = 1, 2, . . . , m, and I i , i = 1, 2, . . . , m + 1, are given by Each interval I i , i = 1, 2, . . . , m + 1, is an interval of monotonicity of f . Next, to each point x in interval I i , i = 1, 2, . . . , m + 1, we assign the symbol i, i = 1, 2, . . . , m + 1, or C i , i = 1, 2, . . . , m, if the point x is the critical point c i , i = 1, 2, . . . , m of f . This assignment is called the address of x and it is denoted by ad(x). The address of the point x, ad (x), is thus given by
As usual, we get a correspondence between orbits of points and symbolic sequences of the alphabet set {1, C 1 , 2, . . . , m + 1}, the itinerary of x under f is defined by
The orbits, under f , of the critical points are of special importance, in particular, their itineraries. Following J. Milnor and W. Thurston in [6] , for each critical point of f , the kneading sequence is given by K i := it f (f (c i )) , i = 1, 2, . . . , m, and the collection of symbolic sequences K f := (K 1 , . . . , K m ) is called the kneading invariant of f .
A symbolic sequence (S k ) k≥1 in {1, C 1 , 2, . . . , m + 1} N0 is called admissible, with respect to f , if it occurs as an itinerary for some point x in I. The set of all admissible sequences in {1, C 1 , 2, . . . , m + 1} N0 is denoted by Σ f .
In the sequence space Σ f , we define the usual shift map σ : Σ f → Σ f by
Moreover, the following relation with f and the itinerary map is satisfied
Therefore, we obtain the symbolic system (Σ f , σ) associated with the discrete dynamical system (I, f ). An admissible word is a finite sub-sequence occurring in an admissible sequence. The set of admissible words of size k occurring in some sequence from Σ f is denoted by
Consider the sign function sgn :
with S 1 . . . S k ∈ W k , sgn (C j ) = 0 and sgn (j) = +1 or sgn (j) = −1, according f restricted to I j is increasing or decreasing, respectively. The parity, with respect to f , of a given admissible word S 1 . . . S k ∈ W k is even if sgn (S 1 . . . S k ) = +1 and odd if sgn (S 1 . . . S k ) = −1. From the order relation 1 ≺ C 1 ≺ 2 ≺ · · · ≺ m + 1, inherited from the order of the intervals of the partition of the interval I, we introduce an order relation between symbolic sequences as follows: given any distinct sequences (
N0 , admitting that they have a common initial subsequence, i.e., there is a natural r ≥ 1 such that P 1 . . . P r = Q 1 . . . Q r and P r+1 = Q r+1 , we will say that (P k ) k≥1 ≺ (Q k ) k≥1 if and only if P r+1 ≺ Q r+1 and sgn(P 1 . . . Q r ) = +1 or Q r+1 ≺ P r+1 and sgn(P 1 . . . P r ) = −1.
Symbolic dynamics for the infinite dynamical system (A, T f )
Now, consider a m-modal map f in the class C 1 (I), for a certain interval I, and the class of differentiable functions
Let T f be the operator
Note that this operator is well defined since (f • ϕ) (0) = (f • ϕ) (1) = 0. Moreover, if φ ∈ A and Im(φ) ⊂ I then Im(T k f φ) ⊂ I for every k ∈ N. Therefore, we obtain a discrete dynamical system (A, T f ) in the sense that we have a set A (eventually with additional structure, a topology or a metric, for now not specified) and a self map T f , which characterises the discrete time evolution.
In order to introduce a symbolic description for the discrete dynamical system (A, T f ), let us consider the decomposition of A into the following classes, as in [2, 3] :
A 0 = {φ ∈ A : φ has no critical points in (0, 1)} and A j = {φ ∈ A : φ has j critical points in (0, 1)} , j = 1, 2, . . . . Let φ ∈ A and let η (φ) be the number of non-trivial critical points of φ (inside [0, 1]). In this case if φ ∈ A j , j ∈ N 0 , then η (φ) = j and the total number of critical points is η (φ) + 2 = j + 2. We are interested in the symbolic description of the dynamical evolution of a function φ under iteration of f . Moreover, we are interested that this symbolic description has essentially a topological meaning, therefore the important point is to distinguish and codify the critical points and values of φ. Given φ ∈ A, we identify its critical points and collect the addresses and itineraries of the corresponding critical values. Our generalized symbolic space will be
In [3] , we defined the generalized address, itinerary and shift maps for the space A,
, where a j , j = 1, . . . , η (φ), are the non-trivial critical points of φ in the interval
, where d j , j = 0, 1, 2, . . . , η (φ) + 1, are the critical values of φ. The extended shift map is then defined by
and S
with S (j) 1 ∈ {1, . . . , m} is the kneading sequence corresponding to the critical point of f , c S
Moreover, we obtained a symbolic system Σ f , σ associated to (A, T f ). Similarly to the finite dimensional discrete dynamical systems we obtained the following result, (see [2] ):
Next, we give an example to illustrate the previous definitions and results. 
, it is given approximately by the analytical expression f (x) = 3.96754x 3 − 2.96754x, see the Figure 1 . We consider in A, an initial function such that it f (φ) = ( (312) ∞ , (32) ∞ ). Figure 1 . Graph of the bimodal map which analytical expression is given approximately by f (x) = 3.96754x 3 − 2.96754x. The symbols of the alphabet {1, C 1 , 2, C 2 , 3} are laid out horizontally in the legend at the bottom of the graph.
We have
We can verify that
Substitution systems

Basic facts about substitution systems
Here we briefly recall some basic facts and terminology about substitutions systems, see [4] . By an alphabet we mean a finite nonempty set of symbols and denote by S. We refer to the members of the alphabet S as letters. A word of length k is an expression s = s 1 s 2 . . . s k , where each s j is a letter of S. We write |s| for the length of a word s. It is convenient to define the empty word , having length 0 and satisfying the concatenation rule s = s = s for every s.
Let S + be the set of all words of positive length in the alphabet S and set S * = S + ∪ { }. We write l s (w) for the number of occurrences of the word s in the word w. We say that a word u ∈ S + is a factor of a word v ∈ S + if u = v m v m+1 . . . v n , with v j ∈ S for some 0 ≤ m ≤ n < |v| and denote by u = v [m,n] . A substitution on the alphabet S is a map ζ : S → S * . The substitution map ζ is extended to the maps (also denoted by ζ) ζ : S * → S * , ζ : S + → S + and ζ : S N → S N by concatenation. Moreover, using the extention to words by concatenation, ζ can be iterated and ζ n : S → S * is again a substitution. The language of a sequence u = (u n ) n∈N ∈ S N is the set of all finite words that occur in u and is denoted by L(u). The language of a substitution ζ is the set L(ζ) of all factors of the words ζ n (j), with n ∈ N and j ∈ S. The substitution system can be considered as the pair (L(ζ), ζ).
Substitution systems associated with the symbolic dynamical system (A, T f )
We consider the subclass A per of A which is constituted by functions φ whose critical values are periodic points of the map f . Note that if f is topological transitive then the periodic points of f are dense in the interval I and givenφ ∈ A we can choose φ ∈ A per arbitrarily close toφ (for a given metric).
Consider the kneading invariant of the map f , K f = (K 1 , . . . , K m ), where K i are periodic kneading sequences of period p i , i = 1, . . . , m, and the set of the shifted sequences
Let us denote by K i (l) the shifted kneading sequences σ l (K i ), l = 0, 1, . . . , p i − 1. Consider the correspondence between each shifted kneading sequence, K i (l), i = 1, . . . , m, l = 0, 1, . . . , p i −1, and a letter on the alphabet set S = 1 , . . . , p , p = p 1 + · · · + p m ,
Denote by 0 the empty word .
1 , . . . , p be the set of finite words of symbols from S (the letter 0 is included). Let us denote the set 1 , p 1 + 1 , p 1 + p 2 + 1 , . . . , p 1 + · · · + p m−1 + 1 by S K , which is the set of letters associated with the kneading sequences of the map f . Given φ ∈ A per , we consider also the alphabet set S(φ) = A 1 , . . . , A t0 , B 1 , . . . , B t1 , . . . , where
. . , are the letters associated with it(d 0 ), it(d 1 ), . . . , the itineraries of the critical points of φ from (2) in Section 2, that is,
and
By construction and from the previous definitions we have the result:
Theorem 2. Given a map f with kneading invariant K f = (K 1 , . . . , K m ) and φ ∈ A per , consider the alphabet S = 1 , . . . , p , p = p 1 +· · ·+p m , with the correspondence (3), and S(φ) = A 1 , . . . , A t0 , B 1 , . . . , B t1 , . . . , with the correspondences (4) and (5). Then, the generalized shift map on it(A per ), σ : it(A per ) → it(A per ), induces a substitution system in the alphabet set S ∪ S(φ) given by Proof. Let us suppose that the word r r occurs as a factor of some word in L, i.e., there is a word in S * such that ζ(w) = r r . The word w has the form w = q s , with q = s such that ζ( q s ) = r r which implies ζ( q ) = r and ζ( s ) = r and thus, q = s . Since r r cannot be associated with a generalized address of any φ ∈ A per , the claim follows.
In order to ilustrate the previous definitions and results, let us consider the following example. 
and the shifted kneading sequences are substitued as following
In this case, we get the alphabets S = 1 , 2 , . . . ,
The substitution map ζ : L(ζ) → L(ζ) is defined in the following way, Table 2 . The first column indicates the number of the iteration k and the rows indicate the ln (N k+1 /N k ) , k = 2, . . . , 14, of the k th -iterations under the map f of φ 01 , φ 02 , φ 03 and φ 04 . Note that the k values start at 2 and increment by 1 until to 13.
According to the Table 3 , we can observe that, for each bimodal map with positive topological entropy, h top (f ), the growth rate of the new critical values for φ k , k ∈ N, is independent to the initial conditions. Moreover, the growth rate of the new critical values for φ k , k ∈ N, is approximately equal to the topological entropy of the bimodal map f . 
